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Abstract. We show that every Kaehler algebraic curvature tensor is geomet- 
rically realizable by a Kaehler manifold of constant scalar curvature. We also 
show that every para-Kaehlcr algebraic curvature tensor is geometrically real- 
izable by a para-Kaehler manifold of constant scalar curvature. 
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1. Introduction 

Curvature is a central aspect of modern differential geometry. One can relate 
curvature to the underlying geometry and topology of a manifold [3J [TTJ [53] , ex- 
amine analytic properties which are influenced by curvature [20j . and study purely 
algebraic properties of curvature [HI [HI [21] . The study of Hermitian and Kaehler 
geometry is an active current field of investigation that continues to be important 
both in pure mathematics [5] and in mathematical physics [U[51[25]- Furthermore, 
the study of para-Kaehler geometry, which is a neutral signature analogue, also is 
an active research area HH1 H2] • 

In this paper, we extend previous investigations [S] HH] [TT] [TH] to discuss 
questions of geometric realizability - when can an algebraic curvature tensor, which 
is a purely algebraic object, be realized by a Riemannian manifold in suitable 
contexts and what are the resulting geometric constraints, if any. We will focus 
our attention on the Kaehler and para-Kaehler settings and give necessary and 
sufficient linear conditions on the curvature to ensure that a given curvature model 
is geometrically realizable by a Kaehler manifold or by a para-Kaehler manifold. 
Imposing the condition that the manifold in question has constant scalar curvature 
yields no additional restrictions. 

1.1. Hermitian manifolds. We begin with a brief review of previously known 
results. Let A4 := (M,g) be a Riemannian manifold of dimension to; we shall 
always assume that m = 2m is even and that m > 4. Let R be the curvature tensor 
of A4; R satisfies the following identity for all tangent vectors x, y, z, w. 

R(x, y, z, w) = -R(y, x, z, w) = R(z, w, x, y), 
= R(x, y, z, w) + R{y, z, x, w) + R{z, x, y, w) . 

Suppose there exists an almost complex structure J on M, i.e. an endomorphism J 
of the tangent bundle TM so that J 2 = — id. We also assume that J is Hermitian, 
i.e. that J*g = g; in this setting, the triple C := (M,g, J) is said to be an almost 
Hermitian manifold. An almost Hermitian manifold C is said to be a Hermitian 
manifold if J is integrable; this means that the Nijenhuis tensor 

Nj{x,y) := [x,y] + J[Jx,y] + J[x, Jy] - [Jx,Jy] 

vanishes or, equivalently, by the Newlander-Nirenberg Theorem [52] that every 
point of M has a neighborhood with local coordinates (xi,yi, Xm,yfh) so that 

Jd Xi = 9 Vi and Jd Vi = —d Xi . 
l 
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If C is a Hermitian manifold, then the Riemann curvature tensor satisfies an 
extra identity discovered by Gray [H| : 

Theorem 1.1. If C is a Hermitian manifold, then 



Remark 1.2. Theorem 11.11 shows that the integrability of the almost complex 
structure implies a relation in the curvature. Let {xi, yi, x<i, y<i, x 3 , J/3} be coordi- 
nates on R 6 with the standard flat metric ds 2 = dx\ + dy\ + dx\ + dy\ + dx 2 + dy 3 . 
Define 

Jd Xl = cos(x 3 )d Vl + sin(x 3 )d y2 , Jd yi = - cos(x 3 )d Xl + sin(x 3 )d X2 , 
Jd X2 = - sin(x 3 )d Vl + cos(x 3 )d V2 , Jd V2 = - s\n(x 3 )d Xl - cos(x 3 )d X2 , 
18 — 8 18 — —8 

The resulting structure is a flat almost Hermitian manifold which is not intcgrablc. 
Thus relations in curvature do not imply integrability. 

1.2. Hermitian curvature models. We now pass to the algebraic setting. Let 
V be a real vector space of dimension m which is equipped with a positive definite 
inner product (•,•). We say that A £ (g> V* is an algebraic curvature tensor if 
A has the symmetries of Equation (|l.a|) ; let 21 = 21(F) be the subspace of ® A V* 
which consists of all such tensors. Fix A € 21 and let 971 := (V, (■, ■), A) be the 
associated curvature model. We say € := (V, (■,■), J, A) is an almost Hermitian 
curvature model if J is a linear map of V with J 2 = — id and J* {■, ■) = (■, •). Let 
{e^} be an orthonormal basis for (V, (•, •)). We adopt the Einstein convention and 
sum over repeated indices and define the Ricci tensor p, the -k-Ricci tensor p*, the 
scalar curvature r, and the -k-scalar curvature t* by contracting indices: 



If in addition the Gray identity given in Equation (jl.b[) is satisfied, then £ is 
said to be a Hermitian curvature model. We say that £ is geometrically realizable 
by an almost Hermitian manifold C = (M,g, J) if there exists a point P of M and 
an isomorphism (ft ■ T P M — > V so that (f>*(-, •) = gp, (ft* J = Jp, and (ft* A = R P . 
We refer to [SJ [S] for the proof of the following result which provides a converse to 
Theorem 11.11 

Theorem 1.3. 

(1) If € is an almost Hermitian curvature model, then £ is geometrically real- 
izable by an almostHermitian manifold with constant scalar curvature and 
with constant -k-scalar curvature. 

(2) If £ is a Hermitian curvature model, then £ is geometrically realizable by 
a Hermitian manifold with constant scalar curvature and with constant it- 
scalar curvature. 

Remark 1.4. Theorem 11.31 shows that the existence of an almost Hermitian struc- 
ture imposes no additional relations on the curvature other than those generated 
by Equation (|l.a| . Furthermore, Equations (jl.aj) and (jl.bj) generate the universal 
symmetries of the curvature tensor of a Hermitian manifold. Finally, assuming 
that the scalar curvature and ^-scalar curvature are constant imposes no additional 
relations. 



= R(x,y, z,w) + R(Jx, Jy, Jz, Jw) — R(Jx, Jy, z,w) 

— R(Jx, y, Jz, w) — R(Jx, y, z, Jw) — R(x, Jy, Jz, w) 

— R{x, Jy, z, Jw) — R(x,y, Jz, Jw) V x, y, z, w . 



(l.b) 



p{x,y) := A(x,ei,ei,y), 
P*(x,y) ■= A{x,e i ,Je l ,Jy) 



r* := A(e i ,e J ,Je j ,Je l ) . 
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1.3. Kaehler geometry. The Kaehler form of an almost Hermitian manifold C is 
defined by setting fl(x,y) := g{x, Jy). One says that C is a Kaehler manifold if J 
is integrable and dfl = or, equivalently, if V J = 0. One has: 

Theorem 1.5. If C is a Kaehler manifold, then: 

R(x,y, z,w) = R(Jx, Jy, z,w) V x, y, z, w . (l.c) 

An almost Hermitian curvature model £ = (V, (•, •), J, A) is said to be a Kaehler 
curvature model if Equation (jl.cj) is satisfied; this necessarily implies Equation (jl.bj) 
is satisfied so any Kaehler curvature model is a Hermitian curvature model. In 
Section [21 we shall establish the following result which shows that Equations (jTTaJ) 
and p.cp generate the universal symmetries of the curvature tensor of a Kaehler 
manifold and which is a converse to Thcorcm ll.51 In this setting, necessarily r = r* . 
In Section 21 we show that the realization can also be taken to have r constant. 

Theorem 1.6. Let € be a Kaehler curvature model. Then € is geometrically real- 
izable by a Kaehler manifold of constant scalar curvature. 

Remark 1.7. The methods used in [7] can be used to extend Theorem 11.61 to the 
indefinite setting; we omit details in the interests of brevity. 

Remark 1.8. Theorems 11.11 and 11.31 show that Equation (jl.b[) provides necessary 
and sufficient linear identities for a Hermitian curvature model to be geometrically 
realizable by a Hermitian manifolds. Similarly, Theorems 11.51 and 11.61 show that 
Equation (jl.cj) provides necessary and sufficient linear identities for a curvature 
model to be geometrically realizable by a Kaehler manifold. There are examples 
where one has relations rather than identities. For example, one says that an 
almost Hermitian manifold is almost Kaehler if dQ = 0. In this setting, we have 
t* — r = i|VJ| 2 and thus the curvature lies in the half-space defined by the relation 
r* > t. This shows that an almost Hermitian curvature model with r > r* is not 
geometrically realizable by an almost Kaehler manifold. We refer to [TJ Q~2] for 
further details concerning almost Kaehler manifolds in both the Ricmannian and 
the higher signature settings. 

1.4. Para-Hermitian manifolds. We shall say that the triple C :— (M,g,J) is 
an almost para- Hermitian manifold if g is a pseudo-Ricmannian metric on M of 
neutral signature (rh, m) and if J is a linear map of TM satisfying 

J 2 = id and J*g = —g . 

If C is an almost para-Hermitian manifold, then one says that J is integrable if 
the para-Nijenhuis tensor 

N ]( x >y) : = l x >y] - J[j x iV\ - J\ x ^Jy\ + [Jx,Jy] 

vanishes or, equivalently, every point of M has a neighborhood with local coordi- 
nates (xi,yi, ...,Xm,ym) so that 

Jd Xi = d Vi and Jd Vi = d Xi . 

If J is integrable then C is called a para-Hermitian manifold. Theorem 11.11 gener- 
alizes to this setting [7] to become the following result - note the changes in sign 
from Equation (jl.bj) : 

Theorem 1.9. If C is a para-Hermitian manifold, then 

= R{x,y, z,w) + R(Jx, Jy, Jz, Jw) + R(Jx, Jy, z,w) 
+ R(Jx,y, Jz,w) + R(Jx,y, z, Jw) + R(x, Jy, Jz,w) 
+ R(x, Jy, z, Jw) + R(x,y, Jz, Jw) V x, y, z, w . 
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1.5. Para-Hermitian curvature models. One defines the notion of an almost 
para-Hermitian curvature model £ := (V, (■,■), J, A) similarly; if £ satisfies the 
relations of Equation (jl.d[) . then £ is said to be a para-Hermitian curvature model. 
Theorem 11.31 extends to this setting [7] : 

Theorem 1.10. 

(1) Let £ be an almost para-Hermitian curvature model. Then £ is geometri- 
cally realizable by an almost para-Hermitian manifold with constant scalar 
curvature and with constant -k-scalar curvature. 

(2) Let £ be a para-Hermitian curvature model. Then £ is geometrically realiz- 
able by a para-Hermitian manifold with constant scalar curvature and with 
constant -k-scalar curvature. 

1.6. Para-Kaehler geometry. One defines the para-Kaehler form of an almost 
para-Hermitian manifold C = (M, g,J) by setting ft(x,y) := g(x, Jy). We say that 
C is para-Kaehler if J is integrable and df2 = or, equivalently, if V J = 0. In this 
setting one has (note the change in sign from Equation (jl.cp ): 

Theorem 1.11. If C is a para-Kaehler manifold, then: 

R(x,y,z,w) = —R(Jx, Jy, z,w) V x, y, z, w . (l.c) 

We say an almost para-Hermitian curvature model £ is a para-Kaehler curvature 
model if the relations of Equation (|l.e[) hold; this implies the relations of Equation 
(jl.d|) hold and thus £ is also a para-Hermitian curvature model. Theorem 11.61 
generalizes to this setting to become: 

Theorem 1.12. // £ is a para-Kaehler curvature model, then £ is geometrically 
realizable by a para-Kaehler manifold of constant scalar curvature. 

1.7. Outline of the paper. We show in Section [5] (resp. in Section [3]) that any 
Kachler (resp. para-Kaehler) curvature model can be geometrically realized by a 
Kachler (resp. para-Kaehler) manifold. In Section HI we show the realizations can 
be chosen to have constant scalar curvature. 

The decomposition of the space of algebraic curvature tensors under the action 
of the unitary group was given by Tricerri and Vanhccke [24) and is summarized in 
Theorem 12. II it plays a central role in the analysis of Section [5]- a similar analysis 
in the para-Kaehler setting is performed in Section [3] The Cauchy-Kovalevskaya 
Theorem is used in SectionEJto show that the Kachler and para-Kaehler realizations 
in question can be chosen to have constant scalar curvature. 

2. Kaehler Geometry 

2.1. Curvature decomposition under the unitary group. Let (V, (•,■), J) be 
a Hermitian structure. Let {ei} be an orthonormal basis for (V, (■, ■)). Let U be 
the unitary group: 

U := {T e GL(V) : TJ = JT and T* (.,.) = (.,.)} . 

Define elements 7Ti and 1T2 of 21 by setting: 

7Ti (x, y, z, w) := (x, w) (y, z) - (x, z) (y, w) , 

ir 2 (x,y,z,w) := (Jx,w)(Jy,z) - (Jx,z)(Jy,w) - 2( Jx, y) ( Jz, w) . 
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Let S 2 (V*) denote the set of symmetric 2-tensors and let 6 G S 2 {V*) with J*0 = 0. 
Define elements 4>(6) and ■0(0) of 2l(V) by setting: 

((f)(6)) (x,y,z,w) := (x,w)6(y,z) - (x,z)6(y,w) 

+0(x,w)(y,z) - 6(x,z)(y,w), 
(ip(9))(x, y, z, w) := (Jx, w)6(Jy, z) — (Jx, z)6(Jy, w) — 2(Jx, y}9(Jz, w) 

+6(Jx, w)(Jy, z) — 6(Jx, z)(Jy, w) — 26(Jx, y)(Jz, w) . 

The following result is due to Tricerri and Vanhecke [H] in the Ricmannian setting 
- the extension to the higher signature context is not difficult [7]: 

Theorem 2.1. Let (V, (•, •), J) be a Hermitian structure. 

(1) We have the following orthogonal direct sum decomposition o/2l into irre- 
ducible U modules: 

(a) Ifm = 4, 21 = Wi © w 2 © w 3 © w 4 © w 7 © w 8 © w 9 . 

(b) J/m = 6, 21 = Wi © W 2 © W 3 © W 4 © W 5 © W 7 © W 8 © W 9 © Wio. 

(c) Ifm > 8, 21 = WiffiW2ffiW3ffiW4ffiW5ffiW6ffiW7ffiW8ffiW 9 ffiWio. 
We have Wi ~ W4 tm<i, z/m > 6, W2 ~ VV5. TTie other IA modules appear 
with multiplicity 1. 

(2) <L = (V, (-, •), J, A) is a Kaehler model if and only if A G Wi © W 2 © W3. 

(3) If A & VVi © W2 © W3, £/ien i/ie projections pi of A on Wi are given by: 

( & ) Pi- 4 = 4m(i+l) frl + 7r 2) T - 

(b) P2A= a ^5 J (0 + ^)(2p-ir( v ». 

(c) p 3 ^ = A-p 1 A-p 2 A. 

2.2. Realizability of Kaehler curvature models. Let {ui, u m } be the canon- 
ical coordinates on K m . Set di := . Let J be the canonical integrable almost 
complex structure on R m given by: 

Jd\ + 2k = d 2 +2k and Jd 2 +2k = -d\+2k for < fc < to . (2. a) 

Let go be the usual flat Hermitian metric on M. m : 

J 1 if i = j, 
9o ' ij : " \ otherwise. 

We identify (1/, (•, •), J) with (R m ,g , J)- Let S+(V*) be the set of all symmetric 
2-tensors 6» such that J*6 = 6. If 6 G S+(V*) <g> .S 2 (V*), then set: 

5e,ij := 5o, y + Q l] kiu k u l . (2.b) 

This is positive definite at the origin and hence defines a Riemannian metric which 
is invariant under J on some neighborhood of the origin. Let £8 G 2t(V) be the 
curvature of the metric g® at the origin; 

(£9)(a;, y, z, w) = Q(x, z, y, w) + Q(y, w, x, z) - Q(x, w, y, z) - Q(y, z, x, w) . 

The map — > dtt ge defines a linear map 

Kj : S\(V*) <E> S 2 (V*) -> A 3 (V*) <g> V* 

which is given by 

{(KjQ)(x,y,z)}(w) := Q(x, Jy,z,w) + Q(y,Jz,x,w) + Q(z, Jx,y,w) . (2.c) 

This shows that ker(Kj) is invariant under the action of U. Clearly G ker(Kj) 
if and only if g$> is a Kaehler metric; 

L : ker(Kj) -> W x © W 2 © W 3 
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is a linear map which is equivariant with respect to the action hi. To show every 
Kaehler curvature model is geometrically realizable by a Kaehler metric, it suffices 
to show that C is surjective. Take 

9 = ^(e 1 (g) e 1 + e 2 (g) e 2 ) <g> (e 1 <g> e 1 + e 2 <g> e 2 ) 

so that the metric has the form 

g@ = (du\ + ... + du 2 m ) + i(u 2 + ul)(du\ + du\) . 

The metric ge is Kaehler since it takes the form M 2 x C m_1 where M 2 is a Riemann 
surface. Thus G ker(Kj). Furthermore, the only non-zero curvature components 
of the curvature tensor at the origin, up to the usual Z 2 symmetries, are 

R(ei,e 2 ,e 2 ,ei) = 1 . 

The non-zero components of p are p(e\, ei) = p(e 2 , e 2 ) = 1. We compute: 

7Ti(e 3 , e 4 , e 4 , e 3 ) = 1, 7r 2 (e 3 , e 4 , e 4 , e 3 ) = 3, 

t = 2, piA(e 3 ,e 4 ,e 4 ,e 3 ) = rn{ 2 l+1) ■ 

Thus the component of A in VVi is non-zero. Similarly, we compute: 

(</ > (p))( e 3, e 4 , e 4 , e 3 ) = 0, (tp(p))(e 3 , e 4 , e 4 , e 3 ) = 0, 

(<£((■> ')))( e 3, e 4 , e 4 , e 3 ) = 2, (^((-, -)))(e 3 , e 4 , e 4 , e 3 ) = 6, 

(p 2 A)(e 3 ,e 4 ,e 4 ,e 3 ) = - ^ +2) ■ 

This shows the component of A in W 2 is non-zero. We have 

//., xw \ 2(m+2)-4(m+l) 2 

((id -pi - P2)A)(e 3 , e 4 , 64, e 3 ) = - ,» (? »+i)(r»+2) = - (m+l)(m+3) 

and thus the component of A in W3 is non-zero. Thus ^4 has non-zero components 
in all 3 factors. Since these 3 factors are not isomorphic unitary modules, we may 
conclude that C is in fact a surjective map from ker(Kj) to W\ © W 2 © W3 as 
desired. □ 

3. Para-Kaehler geometry 

The proof that every para-Kaehler curvature model is geometrically realizable by 
a para-Kaehler manifold is essentially the same as the proof in the Kaehler setting 
given above in Section [5] Let J be the canonical integrable almost para-complex 
structure on R m given by 

Jd\+2k = d 2 +2k and Jd 2 +2k = di+2k for < k < m. 

Let go be the canonical flat para-Hcrmitian metric on R m ; 

( 1 if i = j = mod 2, 
g ,ij = < -1 if i = j = 1 mod 2, 
[ otherwise . 

Again, we identify (V, (•, ■), J) with (R m ,g , J). Let S* 2 (V*) be the space of sym- 
metric 2-tensors 6 so J*6 = -0. Given in S 2 _ (V*) <g> S 2 (V*), we construct the 
para-Hermitian metric: 

g@,ij ■= go, ij + Q t jkiu k u l . 

We use Equation to define Kj : S 2 (V*) ® S 2 (F*) A 3 (F*) ® V* by 

{(ifj0)(a;,y J z)}(w) := Q(x, Jy,z,w) + <d(y,Jz,x,w) + 0(z, Jx,y,w) . 
The curvature of g@ at the origin is given by 

(£0)(x, y, z, w) := 0(x, z, y, w) + 0(y, w, x, z) - Q(x, w, y, z) - 0(y, z, x, w) . 
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We may decompose 21 as a direct sum of irreducible factors under the action of 
the para-unitary group. This decomposes the para-Kaehler tensors as a direct sum 
VVi © W 2 © VV 3 . We show £ is a surjective map from ker(A'j) to VVi © W 2 © VV3 
by taking 

6 = ^(e 1 © e 1 - e 2 © e 2 ) © (e 1 © e 1 - e 2 © e 2 ), 

ge = go + \{u\ - u\){du\ - duf) . 

One now shows exactly as before that A has non-zero components in each of these 
3 factors; we omit details as the analysis is exactly the same as in the Kaehler 
setting. This shows every para-Kaehler curvature model is geometrically realizable 
by a para-Kaehler manifold. □ 



4. The Cauchy-Kovalevskaya Theorem 

In this section, we show the realization of Theorem 11.61 can be chosen to have 
constant scalar curvature; the corresponding argument in the para-Kaehler case is 
similar and is therefore omitted. We shall adapt an argument given in [7] and refer 
to that paper for additional details. The major difference is that we consider a 4 th 
order quasi-linear partial differential equation rather than a 2 nd order equation. 

We begin by recalling the classical Cauchy-Kovalevskaya Theorem as formulated 
by Evans [13]. Set u = (y,u m ) for y = (ui, ...,u m -i) € R m_1 . Let $ = be 
real analytic. We consider the 3 rd order jets of 

We consider a 4 th order quasi- linear equation in 4>: 

r^HO^AAA,® + = (4.a) 

where the coefficients -i// 1 * 2 ^ 14 and ip are real analytic functions of the variables £. 
Impose the Cauchy data £ = on the initial hypcrsurfacc u m = 0, i.e. 

$(y,0) = 0, 9 m $(j/,0)=0, d m d m ^(0,y) = 0, d m d m d m <Z>(y, 0) = . (4.b) 

Theorem 4.1. If ^ mrom " l (0) ^ 0, there is e > and a unique real analytic $ 
defined for \u\ < e which satisfies Equations (|4.a[) and (|4.b[) . 

We use Theorem 14. II to show the metric of Theorem II .61 can be chosen to be real 
analytic and with constant scalar curvature. We adopt the notation of Section [51 
For < k < fh, set: 

Zk ■= Wl+2fe + V / -T'"2+2fc, Z k := U 1+2 k - \/ = lM2+2fc, 

dz k := dui +2k + \/~ = ldu 2 +2k 1 dz k := du 1+2k - \/~^ldu 2+2k , 
d z k ■= ^{di +2 k - V^d 2+2k } 7 dz k := \{d 1+2k + \^Td 2+2k } . 

Let o denote the symmetric product. If $ is a real analytic function (which is 
called the Kaehler potential) , form 

«• := {d Zj dz k ®} dz j o dz k e S 2 + (V*) . 

This is a J-invariant symmetric real 2-tensor with df2 res = 0. 

Suppose given a Kaehler curvature model <£ = (V, (■, •), J, A) with scalar curva- 
ture c. Use the methods of Section [5] to choose O so that the curvature tensor of the 
metric g@ is given by A at the origin where ge is the real analytic metric defined by 
Equation (|2.b[) and where J is the integrable complex structure given by Equation 
(|2.ap . Consider the metric /ie,* := .9e + We impose the Cauchy initial data 
given by Equation (|4.b[) so /ie,*(0) = 5 and thus /ie,* is a Riemannian metric in 



8 



M. BROZOS-VAZQUEZ ET. AL. 



some neighborhood of the origin. The scalar curvature r$ of /ie,* is given by a 
quasi-linear 4 th -order equation of the form given by Equation (|4.aD . 

We suppress terms which do not involve maximal derivatives in d m to write: 

Thus the non-degeneracy condition of Theorem l4.1l is satisfied and we can solve the 
equation r$ — c = with vanishing Cauchy initial data. All the 4 th order derivatives 
of $ vanish except possibly for - the equation t$ — c = implies this vanishes 
as well. Thus < E' = 0(|u| 5 )so$ makes no contribution to the curvature tensor at the 
origin. This shows the Kaehlcr manifold in question can be chosen to have constant 
scalar curvature; a similar calculation using a para-Kaehler potential pertains in 
the para-Kaehler setting as well. This completes the proof of all the assertions of 
this paper. □ 
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